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ALGEBRAIC ENDING LAMINATIONS AND QUASICONVEXITY 


MAHAN MJ AND KASRA RAFI 


Abstract. We explicate a number of notions of algebraic laminations existing 
in the literature, particularly in the context of an exact sequence 

of hyperbolic groups. These laminations arise in different contexts: existence 
of Cannon-Thurston maps; closed geodesics exiting ends of manifolds; dual to 
actions on R—trees. 

We use the relationship between these laminations to prove quasiconvex¬ 
ity results for finitely generated infinite index subgroups of H, the normal 
subgroup in the exact sequence above. 
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1. Introduction 

A number of competing notions of laminations exist in literature. The weakest 
is that of an algebraic lamination |BFH97[ ICHL071IKLIOIIKL151 IMit97| for a 
hyperbolic group H: an R-invariant, flip invariant, closed subset C C d^H = 
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{dH X dH \ A)/ where {x,y) ~ {y,x) denotes the flip and A the diagonal in 
dH X dH. 

Several classes of algebraic laminations have come up in the study of automor¬ 
phisms of hyperbolic groups, especially free and surface groups: 

(1) The dual lamination Ar arising from an action of H on an R—tree |Thu80l 
[RFhWI ICHTTTI ICHTbSal [KTTm] . 

(2) The ending lamination Kel or Agel arising from closed geodesics an end 
of a 3-manifold |Thu801 IMlt97) . 

(3) The Cannon-Thurston lamination Act arising in the context of the exis¬ 
tence of a Cannon-Thurson map |CT89I ICTOTl IMit97) . 

These different kinds of laminations play different roles. 

(1) The dual lamination Ar often has good mixing properties like arationality 
[ThuSO] or minimality [CHR ll] or the dual notion of indecomposablhty for 
the dual R—tree |Gui08] . 

(2) The Cannon-Thurston laminations Act play a role In determining quasl- 
convexlty of subgroups |SS901 IMlt99] . See Lemma 12.41 below. 

(3) The above two quite different contexts are mediated by ending laminations 
Ael or Acel which may be intuitively described as Hausdorff limits of 
curves whose geodesic relaizations exit an end. 

We elaborate a bit the statement that Ael mediates between Act and Ar. It 
is easy to see that in various natural contexts the collection of ending laminations 
Ael or Acel are contained in the collection of Cannon-Thurston laminations Act 
(Proposition 12.101 below) as well as in the dual laminations Ar (Proposition 14.31 
below). Further, the (harder) reverse containment of Act in Ael has been estab¬ 
lished in a number of cases ((Theorem 12.81 below from [Mit97] for Instance). What 
remains is to examine the reverse containment of Ar in Ael in order to complete 
the picture. This is the subject of [KL15IIDKT15] in the context of free groups and 
|Mjl4| in the context of surface Kleinian groups. 

What kicks in after this are the mixing properties of Ar established by various 
authors in particular arationality of ending laminations for surface groups |Thu80] 
or arationality in a strong form for free groups IReylll |Reyl2[ ICHR11 1 

ICuin8] . It follows that Act is arational in a strong sense-no leaf of Act is contained 
in a finitely generated Infinite index subgroup K oi H for various specific instances 
of H. Quasiconvexity of K in G (or more generally some hyperbolic metric bundle 
X) then follows from Lemma 12.41 Accordingly each of the Sections [3l |4] and [5] 
have two subsections each: one establishing arationality and the second combining 
arationality along with the general theory of Section [2] to prove quasiconvexity. 

We are now in a position to state the main Theorems of this paper. 


Theorem 1.1. (See Theorems \3.T\ and \4.1^ 
Let 


be an exact sequence of hyperbolic groups, where H is either a free group or a 
(closed) surface group and Q is convex cocompact in Outer Space or Teichmuller 
space respectively (for the free group, we assume that Q is purely hyperbolic). Let 
K be a finitely generated infinite index subgroup of H. Then K is quasiconvex in 
G. 
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The case oi H a. closed surface group in Theorem 11.11 was obtained by Dow- 
dall, Kent and Leininger recently in [DKL14) by different methods. Dowdall has 
communicated to the authors that in soon-forthcoming work [DT15j , Dowdall and 
Taylor use the methods of their earlier work [DTI 4] on convex cocompact purely 
hyperbolic subgroups of Out{Fn) to give a different proof of Theorem ll.il when H 
is free. 

For the statement of our next theorem, some terminology needs to be introduced. 
A Teichmuller geodesic ray r(c Teich[S)) is said to be thick [Min92l[Min94l[Min011 
IRafl4| if r lies in the thick part of Teichmuller space, i.e. there exists e > 0 such that 
Vx € r, the length of the shortest closed geodesic (or equivalently, injectivity radius 
for closed surfaces) on the hyperbolic surface Sx corresponding to x G Teich{S) is 
bounded below by e. It follows (from |MM00irMin01l[Rafl4] l that the projection of 
r to the curve complex is a parametrized quasigeodesic and the universal curve Ur 
over r (associating Sx to x and equipping the resulting bundle with an infinitesimal 
product metric) has a hyperbolic universal cover Ur [Min94[ IMinOl] . To emphasize 
this hyperbolicity we shall call these geodesic rays thick hyperbolic rays. We 
shall refer to Ur as the universal metric bundle (of hyperbolic planes) over r. 

Analogously, we define a geodesic ray r in Culler-Vogtmann outer space |CV86j 
to be thick hyperbolic if 

(1) r projects to a parametrized quasigeodesic in the free factor complex J-. 

(2) the bundle of trees X over r (thought of as a metric bundle [MS12j l is 
hyperbolic. 

In this case too, we shall refer to X as the universal metric bundle (of trees) over 
r. 

Theorem 1.2. (See Theorems \S.6\ and \4-llV 
Let r he a thick hyperbolic quasigeodesic ray 

(1) either in Teich{S) for S a closed surface of genus greater than one 

(2) or in the Outer space corresponding to Fn- 

Let X he the universal metric bundle of hyperbolic planes or trees (respectively) 
over r. Let H denote respectively tti{S) or Fn and i : Th ^ X denote the orbit 
map. Let K be a finitely generated infinite index subgroup of H. Then i{K) is 
quasiconvex in X. 

The following Theorem generalizes the closed surface cases of Theorems 11.11 and 
O to surfaces with punctures. 

Theorem 1.3. (See Theorems \5.4\ and \5.1\) 

Let H = TTi{S) for S a hyperbolic surface of finite volume. Let r be a thick hyperbolic 
ray in Teichmuller space Teich(S) and let rca G dTeich{S) be the limiting surface 
ending lamination. Let X denote the universal metric bundle over r minus a small 
neighborhood of the cusps and let TL denote the horosphere boundary components. 
Let K be a finitely generated infinite index subgroup of H. Then any orbit of K in 
X is relatively quasiconvex in {X,TL). 

Let H = 7ri(5'^) he the fundamental group of a surface with finitely many punc¬ 
tures and let Hi, • • • , be its peripheral subgroups. Let Q be a convex cocompact 
subgroup of the pure mapping class group of S^. Let 

H 
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and 

1 —>■ Hi —>■ Nc{Hi) —^ Q ^ 1 

he the indueed short exact sequences of groups. Then G is strongly hyperbolic relative 
to the collection {Na{Hi)}, i = 1, - ■ ■ , n. 

Let K be a finitely generated infinite index subgroup of H. Then K is relatively 
quasiconvex in G. 

The first part of Theorem II.31 is from [MS 12) . The relative quasiconvexity state¬ 
ment (which requires relative hyperbolicity as its framework) is what is new. 

1.1. Cannon-Thurston Maps. Let H he a. hyperbolic subgroup of a hyperbolic 
group G (resp. acting properly on a hyperbolic metric space X). Let Tjj, Tg and 
X denote the Gromov compactifications. Further let OTh, dTo and dX denote the 
boundaries [Gro85) . 

Definition 1.4. Let H be a hyperbolic subgroup of a hyperbolic group G (resp. 
acting properly on a hyperbolic metric space X). Let Tj^jTg denote the Cayley 
graphs of H, G. We assume that generating sets have been so chosen that the 
generating set of G contains the generating set of H. 

Let i : Th ^ Tc (resp. i : Th ^ X) denote the inclusion map (resp. the orbit 
map extended over edges). 

A Cannon-Thurston map for the pair {H,G) (resp. {H,X)) is a map i : 
Th —t Tg (resp. i : Th X) which is a continuous extension ofi. 

The next two theorems establish the existence of Cannon-Thurston maps in 
closely related settings: 

Theorem 1.5. |Mit98] Let G be a hyperbolic group and let H be a hyperbolic normal 
subgroup of G. Let i : F// —Fg be inclusion map. Then i extends to a continuous 
map i from Th toTc- 

Theorem 1.6. |MS12] [Theorem 5.3] Let r be a thick hyperbolic quasigeodesic ray 

(1) either in Teich{S) for S a closed surface of genus greater than one 

(2) or in the Outer space corresponding to F„. 

Let X be the universal metric bundle of hyperbolic planes or trees (respectively) over 
r. Let H denote respectively 7ri(5') or Fn. Then the pair {H,X) has a Cannon- 
Thurston map. 

2. Laminations 

An algebraic lamination [BFH971 ICHL071 IKLIOI IKL151 IMit97) for a hy¬ 
perbolic group H is an iJ-invariant, flip invariant, closed subset C C d^H = 
{dH X dH \ A)/ where {x,y) ^ {y,x) denotes the flip and A the diagonal 
in dH X dH. Various classes of laminations exist in the literature and in this 
section, we describe three such classes that arise naturally. 

2.1. Cannon-Thurston Laminations. In this section we shall define laminations 
in the context of a hyperbolic group H acting properly on a hyperbolic metric space 
X. For instance, X could be the Cayley graph of a hyperbolic group G containing 
H. The orbit map will be denoted by i. The laminations we describe in this section 
go back to |Mit97) and correspond intuitively to (limits) of geodesic segments in H 
whose geodesic realizations in X live outside large balls about a base-point. 
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We recall some basic facts and notions (cf. [Mit971 IMit99] b If A is a geodesic 
segment in F// a geodesic realization A’’, of A, is a geodesic in X joining the 
end-points of i{X). 

Let {Xn}n C r^f be a sequence of geodesic segments such that 1 € A„ and 
AJj n B{n) = 0, where B{n) is the ball of radius n around i(l G X . Take all bi¬ 
infinite subsequential limits (in the Hausdorff topology on closed subsets of Fjj) of 
all such sequences {A^} and denote this set by Cq. Let th denote left translation by 
he H. 

Definition 2.1. The set of Cannon-Thurston laminations Aqt = AcriHy X) is 
given by 

Act = {(PjQ) e dT h x h\p ^ q andp,q are the end-points ofth{X) for some 

X e Cq} 

In the presence of a Cannon-Thurston map, we have an alternate description of 
Act- 

Definition 2.2. Suppose that a Cannon-Thurston map exists for the pair {H,X). 
We define A^j, = {{p,q) G OTh x OThIp ^ q and i{p) = i{q)}. 

Lemma 2.3. [Mit99) If a Cannon-Thurston map exists, Act = 

Noe that for the definition of Act, one does not need the existence of a Cannon- 
Thurston map. The following Lemma characterises quasiconvexity in terms of Act- 

Lemma 2.4. [Mit99) H is quasiconvex in X if and only if Act = 0 

We shall be requiring a generalization of Lemma 12.41 to relatively hyperbolic 
groups [Gro85l IFar981 IBowl2] . Let H he a, relatively hyperbolic group, hyperbolic 
relative to a finite collection of parabolic subgroups V- The relative hyperbolic 
(or Bowditch) boundary d{H, V) = dril of the relatively hyperbolic group {H, V) 
was defined by Bowditch [Bowl 2) . The collection of bi-infinite geodesics d^H is 
defined as {drH x drH\A)/ ~ as usual. The existence of a Cannon-Thurston map 
in this setting of a relatively hyperbolic group H acting on a relatively hyperbolic 
space {X,'H) has been investigated in |Bow02l |Mi09[ iMPllj . Such an H acts in a 
strictly type preserving manner on a relatively hyperbolic space {X, H) if the 
stabilizer Stabuiy) for any Y eli is equal to a conjugate of an element of V and 
if each conjugate of an element of V stabilizes some Y e TL- The notion of the 
Cannon-Thurston lamination Act = Act{H,X) is defined as above to be the set 
of pairs { x , y) G d^H identified by the Cannon-Thurston map. The proof of Lemma 
12.41 from [Mit99| directly translates to the following in the relative setup. 

Lemma 2.5. Suppose that the relatively hyperbolic group {H,V) acts in a strictly 
type preserving manner on a relatively hyperbolic space {X, TL) such that the pair 
{H,X) has a Cannon-Thurston map. Let Act = Act{H,X). Then any orbit of 
H is relatively quasiconvex in X if and only if Act = 0- 

2.2. Algebraic Ending Laminations. In [Mit97| . the first author gave a differ¬ 
ent, more group theoretic description of ending laminations motivated by Thurston’s 
description in [Thu80j . Thurston’s description uses a transverse measure which is 
eventually forgotten |Kla991 IBR12] , whereas the approach in [Mit97] uses Hausdorff 
limits and is purely topological in nature. We rename the ending laminations of 
[Mit97j algebraic ending laminations to emphasize the difference. 
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Thus some of the topological aspects of Thurston’s theory of ending laminations 
were generalized to the context of normal hyperbolic subgroups of hyperbolic groups 
and used to give an explicit description of the continuous boundary extension i : 
T// —i> Tg occurring in Theorem 11.51 
Let 

H 

be an exact sequence of finitely presented groups where H, G and hence Q (from 
[Mos96) 1 are hyperbolic. In this setup one has algebraic ending laminations (defined 
below) naturally parametrized by points in the boundary ST q of the quotient group 

g. 

Corresponding to every element g € G there exists an automorphism of H taking 
h to g~^hg for h G H. Such an automorphism induces a bijection (pg of the vertices 
of Tj^. This gives rise to a map from Tjj to itself, sending an edge [a, b] linearly to 
a shortest edge-path joining pg (a) to cpg (6). 

Fix z G ^Fq and let [1, z ) be a geodesic ray in Fq starting at the identity 1 and 
converging to z G dFg. Let tr be a single-valued quasi-isometric section of Q into 
G. Let Zn be the vertex on [1, z ) such that dQ(l, Zn) = n and let = (7(z„). 

Definition 2.6. Given h G H let he the (H-invariant) collection of all free 
homotopy representatives (or shortest representatives in the same conjugaey class) 
of (f>g-i{h) in F//. Identifying equivalent geodesics in one obtains a subset Vf 

of (unordered) pairs of points in Th- The interseetion with d^T h of the union of 
all subsequential limits (in the Chabauty topology) of {L’f} is denoted by hf). 

The set o/algebraic ending laminations corresponding to z GdVq is given 
by 



Such algebraic ending laminations can be defined analogously for hyperbolic met¬ 
ric bundles [MS12] over [0, oo), where the vertex spaces correspond to the integers 
and edge spaces correspond to the intervals [n — 1, n] where n G N. 

Definition 2.7. The set Ael of all algebraic ending laminations for the triple 
{H, G, Q) is defined by 

AEL = AEL{H,G,Q) = [j A^el- 

The main theorem of |Mit97] equates Ael and Act- 

Theorem 2.8. |Mit97] Ael{H, G, Q) = Ael = Act = Act{H, G). 

2.2.1. Surface Ending Laminations. It is appropriate to explicate at this juncture 
the relation between the ending laminations introduced by Thurston in [ThuSOj [Chapter 
9], which we call surface ending laminations henceforth, and the algebraic 
ending laminations we have been discussing. Work of several authors including 
[Min941 IKla99[ IBow021 |Mjl4| explore related themes. 

Let r be a thick hyperbolic geodesic ray in Teichmuller space Teich(S) where S 
is a surface possibly with punctures. The Thurston boundary dTeich(S) consists of 
projectivized measured laminations on S. Let Asi(roo) be the geodesic lamination 
underlying the lamination r^c G dTeich(S). Let Xq be the universal curve over 
r. Let Xi denote Xq with a small neighborhood of the cusps removed. Minsky 
proves |Min94] that Xi is (uniformly) biLipschitz homeomorphic to the convex core 

















ALGEBRAIC ENDING LAMINATIONS AND QUASICONVEXITY 


7 


minus (a small neighborhood of) cusps of the unique simply degenerate hyperbolic 
3-manifold M with conformal sructure on the geometrically finite end given by 
r(0) € Teich{S) and ending lamination of the simply degenerate end given by 
^EL{roo)- The convex core of M is denoted by Yq and let Yi denote Yq with a 
small neighborhood of the cusps removed. Thus Xi, Yi are (uniformly) biLipschitz 
homeomorphic. Let X denote the universal cover of Xi and TL its collection of 
boundary horospheres. Then X is (strongly) hyperbolic relative to H. Let H = 
7ri(S') regarded as a relatively hyperbolic group, hyperbolic rel. cusp subgroups. 
The relative hyperbolic (or Bowditch) boundary drH of the relatively hyperbolic 
group is still the circle (as when S is closed) and d^H is defined as {drH x drH \ 
A)/ ~ as usual. The exisence of a Cannon-Thurston map in this setting of a 
relatively hyperbolic group H acting on a relatively hyperbolic space {X,H) has 
been investigated in [Bow021 |Mj09| . 

The diagonal closure C‘^ of a surface lamination is an algebraic lamination 
given by the transitive closure of the relation defined by C on d‘^{H). 

Theorem 2.9. |Min94l [Bow02) Let r be a thick hyperbolic geodesic in Teich{S) 
and let AEL{foo) denote its end-point in dTeich{S) regarded as a surface lamina¬ 
tion. Let X be the universal cover of Xi. Then Kct{H, M) = Act{H, {X^H.)) = 
AELiroaY- 

Note that Theorem 12.91 holds both for closed surfaces as well as surfaces with 
hnitely many punctures. 

2.2.2. Generalised algebraic ending laminations. The setup of a normal hyperbolic 
subgroup of a hyperbolic subgroup is quite restrictive. Instead we could consider 
H acting geometrically on a hyperbolic metric space X. Let Y = X/H denote the 
quotient. Let {cr„} denote a sequence of free homotopy classes of closed loops in 
Y (these necessarily correspond to conjugacy classes in H) such that the geodesic 
realisations of {cr„} in Y exit all compact sets. Then subsequential limits of all 
such sequences define again an algebraic lamination, which we call a generalised 
algebraic ending lamination and denote Acel{= Agel{H, X)). 

Then Lemma 3.5 of [Mit97) (or Proposition 3.1 of |Mjl4| or Section 4.1 of |MjlO| ) 
gives 

Proposition 2.10. If the pair {H,X) has a Cannon-Thurston map, then 

Agel{H, X) C Act{H, X). 


2.3. Laminations dual to an R— tree. We refer the reader to [Bes02| for details 
on convergence of a sequence {{Xi,*i, pi} of based iL—spaces for H a fixed group 
and recall from there some of the relevant notions. 

Theorem 2.11. [Bes02j fTfeeorem 3.3] Let {Xi,*i, pi) be a convergent sequence of 
based H-spaces such that 

(1) there exists (5 > 0 such that each Xi is 6 hyperbolic, 

(2) there exists h € H such that the sequence di = dxi{*i, Pi{h){*)) is un¬ 
bounded. 

Then there is a based H-tree (T, *) and an isometric action p : H ^ Isom{T) such 
that {X^,*i,p^) {T,*,p). 
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In Theorem 12.111 above, the (pseudo)metric on T is obtained as the limit of 
pseudo-metrics . 

Definition 2.12. For a convergent sequence (Xi, pi) as in Theorem \2. 1 1\ above 
we define a dual algebraic lamination as follows: 

Let hi he any sequence such that > 0. The eolleetion of all limits of 

{h~°°,h°°) will be called the dual ending lamination corresponding to the sequence 
{Xi,*i,pi) and will be denoted by K^{Xi,*i, pi). 

Next, let 1 —^ G —>• Q ^ 1 be an exact sequence of hyperbolic groups. 
As in Section let 2 ; € ^Tq and let [ 1 , 2 ;) be a geodesic ray in Tg; let ct be a 
single-valued quasi-isometric section of Q into G. Let Zj be the vertex on [1, z) such 
that dqil^Zi) = i and let pi = cr(zi). Now, let Xi = *i = 1 G F^ and let 
Pi{h){*) = (j)g~i{h){*). With this notation the following Proposition is immediate 
from Definition 12.61 

Proposition 2.13. C Ar(W, *i, P*)- 

An alternative description can be given directly in terms of the action on the 
limiting R—tree in Theorem 12.Ill as follows. The ray [l,z) C Q defines a graph X^ 
of spaces where the underlying graph is a ray [0, 00 ) with vertices at the integer 
points and edges of the form \n — l,n]. All vertex and edge spaces are abstractly 
isometric to Tj^. Let e„ = gn-i~^gn- The edge-space to vertex space inclusions 
are given by the identity to the left vertex space and by to the right. We call 
Xz the universal metric bundle over [1, z) (though it depends on the qi section 
a oi Q used as well). Hyperbolicity of Xz is equivalent to the flaring condition of 
Bestvina-Feighn [BF92) as shown for instance in |MS12] in the general context of 
metric bundles. 

Suppose now that the sequence {Xi, *i,pi) with Xi = FH,*i = ^GFH, Pi{h){*) = 
4>g~i{h){*) converges as a sequence of iJ—spaces to an iL—action on an R—tree 
T = T{Xi,*i, Pi). Generalising the construction of Coulbois, Hilion and Lustig 
[CHLOSal ICHLOSb] to the hyperbolic group H we have the following notion of an 
algebraic lamination (contained in d^H) dual to T. The translation length in T 
will be denoted as It- 

Definition 2.14. Let Le{T) = {{g~°°, g°°)\lT{g) < e} (where A deotes elosure of 
A). Define Au{T{Xi, *i, p,)) = Ar(T^) = r\e>oLe{T). 

3. Closed Surfaces 

3.1. Arationality. Establishing arationality of Act for surface laminations aris¬ 
ing out of a thick hyperbolic ray or an exact sequence of hyperbolic groups really 
involves identifyng the algebraic Cannon-Thurston lamination Act with (the orig¬ 
inal) geodesic laminations introduced by Thurston [ThuSO] . To distinguish them 
from algebraic laminations, we shall refer to geodesic laminations on surfaces as 
surface laminations. A surface lamination £ C S' is arational if it has no closed 
leaves. 

The results of this subsection hold equally for S compact or finite volume non¬ 
compact. We say that a bi-infinite geodesic / in S is carried by a subgroup 
K C H{= 7ri(S)) if both end-points of I lie in the limit set Ak C dS. A surface 
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lamination £ C S' is strongly arational if no leaf of C or a diagonal in a comple¬ 
mentary ideal polygon is carried by a finitely generated infinite index subgroup K 
oiH. 

Lemma 3.1. Any arational lamination on a finite volume hyperbolic S is strongly 
arational. 

Proof. We assume that S is equipped with a finite volume hyperbolic metric. Con¬ 
sider a finitely generated infinite index subgroup K of H. By the LERF property 
of surface groups [Sco78| . there exists a finite-sheeted cover Si of S such that K is 
a geometric subgroup of 7ri(Si), i.e. it is the fundamental group of an embedded 
incompressible subsurface E of Si with geodesic boundary. Since C has no closed 
leaves, nor does its lift £i to Si. Hence no leaf of £i, nor a diagonal in a comple¬ 
mentary ideal polygon, is carried by an embedded subsurface of Si, in particular 
S. The result follows. □ 

Theorem 3.2. |Kla99j The boundary dCC{S) of the curve complex CC{S) consists 
of arational surface laminations. 

The following Theorem may be taken as a definition of convex cocompactness 
for subgroups of the mapping class group of a surface with (at most) finitely many 
punctures. 

Theorem 3.3. [FM021 [KL081 iHamOS) A subgroup Q of MCG{S) is convex cocom¬ 
pact if and only if some (any) orbit of Q in the curve complex CC{S) is qi-embedded. 


We identify the boundary dTeich{S) of Teichmuller space with the space of pro- 
jectivized meaured laminations (the Thurston boundary). The following Theorem 
gives us the required strong arationality result. 

Theorem 3.4. Letr be a thick hyperbolic ray in Teichmuller space Teich(S) and let 
rca G dTeich{S) be the limiting surface lamination. Then Voo is strongly arational. 

In particular if Q is a convex cocompact subgroup of MCG{S) and r is a quasi¬ 
geodesic ray in Q starting at I G Q, then its limit Too in the boundary dGG{S) of 
the curve complex is strongly arational. 

Proof. By the definition of a thick hyperbolic ray r in Teich{S) , r^ G dGG{S). 
For the second statement of the Theorem, dQ embeds as a subset of dGG{S) by 
Theorem 13.31 and hence the boundary point Too G dGG{S) as well. 

By Theorem 13.21 Too is an arational lamination. Hence by Lemma 13.11 r^ is 
strongly arational. □ 

3.2. Quasiconvexity. Let l^H^G^Q he an exact sequence of hyper¬ 
bolic groups with H = 711 ( 5 ) for a closed hyperbolic surface S. Then Q is convex 
cocompact [KL081 [Ham08] and its orbit in both Teich{S) and GG{S) are quasi- 
convex. By Theorem 12.81 Kwt (H. G. O) = Ael = Act = Act{H,G). Further 
Ael = Az^oq^el- Recall that A^^^ denotes the algebraic ending lamination cor¬ 
responding to z and Ael{z) denotes the surface ending lamination corresponding 
to z. By Theorem 12.91 A|;^ = Ael{,zY- We combine all this as follows. 

Theorem 3.5. |Min94l rMit97] Ifl^H^G^Q^l is an exact sequence with 
Q convex cocompact and H = 'Ki{S), and z = Voo £ dQ C dGG{S) then any lift of 
[ 1 , 2 ) to Teich{S) is thick hyperbolic. Further, Act{H,G) = Az^dQ^ELizY. 
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We are now in a position to prove the main Theorems of this Section. 

Theorem 3.6. Let H = tti [S) for S a closed surface of genus greater than one. Let 
r be a thick hyperbolic ray in Teichmuller space Teich{S) and let r^o € dTeich{S) 
be the limiting surface ending lamination. Let X denote the universal metric bundle 
over r. Let K be a finitely generated infinite index subgroup of H. Then any orbit 
of K in X is quasiconvex. 

Proof. By Theorem 13.41 the lamination Too is strongly arational. Hence no leaf or 
diagonal of r^c is carried by K. By Theorem l2.91 the Cannon-Thurston lamination 
X) = h.EL{TooY- Hence no leaf of Act{H, X) is carried by K. By Lemma 
m any orbit of K in X is quasiconvex in X. □ 

The next Theorem was proven by Dowdall, Kent and Leininger [DKL14] [Theorem 
1.3] by different methods. 

Theorem 3.7. Let l^H^G^Q be an exact sequence of hyperbolic groups 
with H = 7ri(5') and Q convex cocompact. Let K be a finitely generated infinite 
index subgroup of H. Then K is quasiconvex in G. 

Proof. As in the proof of Theorem 13.61 above the lamination Kel{z) is strongly 
arational for each z € dQ C dCG{S) (where we identify the boundary of Q with 
the boundary of its orbit in GC{S)). Hence for all z € dQ, no leaf of Ael{zY is 
carried by K. By Theorem 13.51 Kct{H, G) = Ael{H, G) = yJz^QQKEL{zY. Hence 
no leaf of Act{H, G) is carried by K. By Lemma [2^ K is quasiconvex in G. □ 

4. Free Groups 

For the purposes of this section, H = Fn is free. 

4.1. Arationality. The (unprojectivized) Culler-Vogtmann Outer space correspond¬ 
ing Fn shall be denoted by cu„ |CV86] and its boundary by dcvn. The points of 
dcvn correspond to very small actions of Fn on K.—trees. 

Definition 4.1. [GuiOSj An R-tree T S dcVn is said to be indecomposable if 
for any non-degenerate segments I and J contained in T, there exist finitely many 
elements gi, - ■ • ,gn & Fn such that 

( 1 ) 

(2) giJ n gi+iJ is a non degenerate segment for any i = 1, ■ • • ,n — 1. 

Dual to T G dcVn is an algebraic lamination AR(r) defined as follows; 

Definition 4.2. |CHL08alICHLIM^ Let L^(T) = {{g-°°,g°^)\lTig) < e} (where A 
deotes closure of A). Define AR(r) := De^oL^fT). 

A ray [1, z) in Out{Fn) defines a graph X^ of spaces where the underlying graph 
is a ray [0, oo) with vertices at the integer points and edges of the form [n — 1, n]. 
All vertex and edge spaces are abstractly isometric to F//. Let e„ = gn-i~^gn- The 
edge-space to vertex space inclusions are given by the identity to the left vertex 
space and by 0e„ to the right. We call X^ the universal metric bundle over [1, z). 
We shall be interested in the case that [l,z) is contained in a convex cocompact 
subgroup Q of Out{Fn) and cr is a qi section of Q in Out{Fn). The universal metric 
bundle will (in this case) be considered over This is the convention used 

in Proposition 14.31 below, which is extracted from Theorem 5.2 of [DKT15] . 
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Proposition 4.3. Suppose that the universal metrie bundle Xz is hyperbolic. Then 
A|^cAM(r,). 

Remark 4.4. A continuously parametrized version of the metric bundle described 
above occurs in the context of folding paths in Culler- Vogtmann Outer space cr„ 
converging to a point z G dcVn- Essentially the same proof furnishes the analogous 
result in this context. 

Definition 4.5. [BR 12| A leaf (p, q) of an algebraic lamination L is carried by a 
subgroup K of Fn if both p and q lie in the limit set of K. A lamination Ar is 
called arational (resp. strongly arational) if no leaf of L is carried by a proper free 
factor of Fn (resp. by a proper finitely generated infinite index subgroup of Fn). 

A treeT G dcVn is called arational (resp. strongly arational) ifAs_(T) is arational 
(resp. strongly arational). 

Definition 4.6. |DT141 IHH14| A subgroup Q of Out{Fn) is said to be convex 
cocompact in Out[Fn) if some (and hence any) i orbit of Q in F is qi embedded. 

A subgroup Q of Out{Fn) is said to be purely atoroidal if every element of Q is 
hyperbolic. 

We collect together a number of Theorems establishing mxing properties for 
Pn—trees. 

Theorem 4.7. |Reyll| If T is a free indecomposable very small Fn — tree then no 
leaf of the dual lamination L[T) is carried by a finitely generated subgroup of infinite 
index in Fn. 

Theorem 4.8. |Reyl2| Let T G dcVn. Then T is arational if and only if either 

a) T is free and indecomposable 

b) or T is dual to an arational measured foliation on a compact surface S with one 
boundary component and with pii(S) = Fn. 

Let AT C dcVn denote the set of arational trees, equipped with the subspace 
topology. Define a relation ~ on AT by S' ~ T if and only if L{S) = L{T), and 
give AT / the quotient topology. 

Theorem 4.9. |BR12j The space dT is homeomorphic to AT) In particular, 
all boundary points are arational trees. 

Combining the above Theorems we obtain the crucial mixing property we need. 

Theorem 4.10. Let r be a thick hyperbolic ray in Outer space and let Voo G dcVn 
be the limiting R— tree. Then AR(roo) is strongly arational. 

In particular if Q is a convex cocompact purely hyperbolic subgroup of Out[Fn) 
and r is a quasigeodesic ray in Q starting at I G Q, then its limit Too in the boundary 
dT of the free factor complex is strongly arational. 

Proof. By Theorem 14.91 every point in dT comes from an arational R—tree. Hence 
Too is arational. 

Since r is hyperbolic, it follows from Theorem 14.81 that Too is indecomposable 
free. It finally follows from Theorem 14.71 that Too is strongly arational. 

Next, suppose that Q is a convex cocompact purely atoroidal subgroup of Out{Fn) 
and r a quasigeodesic ray in Q starting at 1 G Q. By Theorem 4.1 of [DT14j . an 
orbit of Q is quasiconvex (in a strong symmetric sense). Then the limit point Too 
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of r lies in dJ' since the orbit map from Q to is a qi-embedding and is therefore 
arational. Since Q is purely atoroidal quasiconvex, Too is indecomposable free by 
Theorem 14.81 Again, Too is strongly arational. □ 

4.2. Quasiconvexity. 

Theorem 4.11. Let H = Fn and let r be a thick hyperbolic ray in Outer space 
cvn and let rco S dcvn be the limiting K— tree. Let X denote the universal metric 
bundle over r. Let K be a finitely generated infinite index subgroup of H. Then 
any orbit of K in X is quasiconvex. 

Proof. By Theorem 14.101 the tree T = r^o is strongly arational. Hence no leaf of 
K^{T) is carried by K. By Proposition 14.31 and Remark WM the algebraic ending 
lamination h.EL{H,X) = Kel C AR(r). Further by Theorem 12.81 kcT{H,X) = 
Ael{H, X). Hence no leaf of Act{H, X) is carried by K. By Lemmaany orbit 
of iF in A is quasiconvex in A. □ 

Theorem 4.12. Let 1 ^ H ^ G ^ Q be an exact sequence of hyperbolic groups 
with H = Fn and Q convex cocompact. Let K be a finitely generated infinite index 
subgroup of H. Then K is quasiconvex in G. 

Proof. As in the proof of Theorem 14.111 above the tree T^ is strongly arational 
for each z € dQ C dF (where we identify the boundary of Q with the boundary 
of its orbit in A)l. Hence for all z G dQ, no leaf of Ar{Tz) is carried by K. 
By Proposition 14.31 the algebraic ending lamination Af,j^ C Ar(Tz). Further by 
Theorem 12.81 Act{H,G) = Ael{H,G) = Hence no leaf of Act{H,G) is 

carried by K. By Lemma 12.41 K is quasiconvex in G. □ 

5. Punctured Surfaces 

For the purposes of this section, H = 7ri(S') and S is finite volume hyperbolic, 
noncompact. 

5.1. Quasiconvexity for rays. 

Theorem 5.1. Let H = 7ri(5') for S a hyperbolic surface of finite volume. Let r 
be a thick hyperbolic ray in Teichmuller space Teich(S) and let roo G dTeich(S) be 
the limiting surface ending lamination. Let X denote the universal metric bundle 
over r minus a small neighborhood of the cusps and let TL denote the horosphere 
boundary components. Let K be a finitely generated infinite index subgroup of FI. 
Then any orbit of K in X is relatively quasiconvex in (A, Tt). 

Proof. The proof is essentially the same as that of Theorem 13.61 By Theorem 
13.41 (which, recall, holds for punctured surfaces), the lamination Too is strongly 
arational. Hence no leaf or diagonal of roo is carried by K. By Theorem 12.91 
(which, recall, holds for punctured surfaces as well), the Cannon-Thurston lamina¬ 
tion Act{H,X) = AELifooY- Hence no leaf of Act{H,X) is carried by K. By 
Lemma 12.51 any orbit of A in A is relatively quasiconvex in (A, nTt). □ 

5.2. Quasiconvexity for Exact sequences. We shall require a generalization of 
Theorem 13.51 to punctured surfaces. 

Let 1 —J’G—t-Q—> lbean exact sequence of hyperbolic groups with 
F[ = TTi{S^) for a finite volume hyperbolic surface with finitely many peripheral 
subgroups Hi, ■ ■ ■ , and Q a convex cocompact subgroup of MGG{S^), where 
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MCG is taken to be the pure mapping class group, fixing peripheral subgroups 
(this is a technical point and is used only for expository convenience). Note that the 
normalizer NoiHi) is then isomorphic to Hi x Q{(Z G). The following characterizes 
convex cocompactness 

Proposition 5.2. [MS 12] iProvosition 5.17] Let H = 7ri(5'^) be the fundamental 
group of a surface with finitely many punctures and let iJi, • • • , Hn be its peripheral 
subgroups. Let Q be a convex cocompact subgroup of the pure mapping class group 
of . Let 

and 

1 —>■ Hi —>■ Nc{Hi) —>■ Q —1 

be the induced short exact sequences of groups. Then G is strongly hyperbolic relative 
to the collection {Nc{Hi)}, t = 1, • • • , n. 

Conversely, if G is (strongly) hyperbolic relative to the collection {NG{Hi)},i = 
1, • • • ,n then Q is convex-cocompact. 


Since Q is convex cocompact, its orbits in both Teich{S'^) and CC{S'^) are qua- 
siconvex and qi-embedded [KLOSl iHamOSj . Identify Tq with a subset of Teich{S^) 
by identifying the vertices of Fq with an orbit Q.o of Q and edges with geodesic 
segments joining the corresponding vertices. 

Let Xo be the universal curve over Fq. Let Xi denote Xq with a small neighbor¬ 
hood of the cusps removed. Then Xi is a union Ug^grQXg, where Xg is a bundle 
over the quasigeodesic [1, g)(c Fg C Teich{S^)) with fibers hyperbolic surfaces dif- 
feomorphic to with a small neighborhood of the cusps removed. Minsky proves 
[Min94| that Xg is (uniformly) biLipschitz homeomorphic to the convex core mi¬ 
nus (a small neighborhood of) cusps of the unique simply degenerate hyperbolic 
3-manifold M with conformal sructure on the geometrically finite end given by 
o = 1.0 S Teich{S) and ending lamination of the simply degenerate end given by 
^Ebiq)- The convex core of M is denoted by Yg^ and let Ygi denote Ygo with a 
small neighborhood of the cusps removed. Thus Xg,Ygi are (uniformly) biLips¬ 
chitz homeomorphic. Let Xg denote the universal cover of Xg and TLg its collection 
of boundary horospheres. Then Xg is (strongly) hyperbolic relative to Tig. Let 
H = Tri{S^) regarded as a relatively hyperbolic group, hyperbolic relative to the 
cusp subgroups {Hi},i = 1, • • • ,n. The relative hyperbolic (or Bowditch) bound¬ 
ary drH of the relatively hyperbolic group is still the circle (as when S is closed) 
and d^H is defined as {drH x drH \ A)/ ^ as usual. The existence of a Cannon- 
Thurston map in this setting from the relative hyperbolic boundary of H to the 
relative hyperbolic boundary of {Xg,Hg) has been proved in |Bow021 pVtjOQj . Also, 
it is established in |Bow021 |Mjl4| (see Theorem I2.9|l that the Cannon-Thurston 
lamination for the pairs H, Xg is given by 

^Ct{H, Xg) =AEL{q)‘^, 


where AEL{q)'^ denotes the diagonal closure of the ending lamination AEL{q)- 
Next, by Proposition 15.21 G is strongly hyperbolic relative to the collection 
{NG{Hi)},i = I,-- - ,n. Note that the inclusion of H into G is strictly type¬ 
preserving as an inclusion of relatively hyperbolic groups. The existence of a 
Cannon-Thurston map for the pair {H,G) is established in jPallOj . The descrip¬ 
tion of the Cannon-Thurston lamination Act{H,G) for the pair {H,G) can now 
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be culled from [Mit97] and [PallOj . The latter [Pal 10) guarantees the existence of 
a qi-section and allows the ladder construction in [Mit97] (which does not require 
hyperbolicity of G but only that of H, which is free in this case) to go through. 

The proof of the description of the ending lamination in |Mit97] (using the ladder 
constructed there) now shows that the Cannon-Thurston lamination Act{H, G) for 
the pair (77, G) is the union Uq^sQAcriH, Xq) of Cannon-Thurston laminations for 
the pairs (77, Xq). We elaborate on this a bit. Recall that Xi is a union iJq^dTqXq, 
and that the universal cover of Xi is naturally quasi-isometric to G. Thus Pg can 
be thought of as a union (non-disjoint) of the metric bundles over [!,(?), as q ranges 
over dQ. In fact if P : G ^ Q denotes projection, then Xq is quasi-isometric to 
P“^([l,( 7 )). The construction of the ladder and a coarse Lipschitz retract of Pg 
onto it then shows that a leaf of the Cannon-Thurston lamination Act{H, G) arises 
as a concatenation of at most two infinite rays, each of which lies in a leaf of the 
Cannon-Thurston lamination Agt(77, P“^([l, <?))) for some q. Thus Act{H,G) is 
the (transitive closure of) union Uq^dgAcriH, Xq). 

We combine all this in the following. 


Theorem 5.3. [Min941 lMit97l IMS12) Let 77 = 7ri(5'^) be the fundamental group 
of a surface with finitely many punctures and let Hi, • • • , 77„ be its peripheral sub¬ 
groups. Let Q be a convex cocompact subgroup of the pure mapping class group of 
S^. Let 

l^H^G^Q^l 


and 

1 —>■ Hi —> Nc{Hi) —>■ Q —1 

be the induced short exact sequences of groups. Then G is strongly hyperbolic relative 
to the collection {NciHi)}, i = 1, - ■ ■ ,n. 

Further, Act{H,G) = Liz^dgABhiz)’’'. 


We can now prove our last quasiconvexity Theorem: 

Theorem 5.4. Let 77 = tti^S^) be the fundamental group of a surface with finitely 
many punctures and let Hi , • • • , 77„ be its peripheral subgroups. Let Q be a convex 
cocompact subgroup of the pure mapping class group of . Let 


l^H-^G^Q^l 


and 

1 —>■ Hi —>■ Nc{Hi) —>■ Q —1 

be the induced short exact sequences of groups. Then G is strongly hyperbolic relative 
to the collection {NciHi)}, i = 1, - ■ ■ ,n. 

Let K be a finitely generated infinite index subgroup of H. Then K is relatively 
quasiconvex in G. 

Proof. As in the proof of Theorem 15.11 above the lamination AEL{q) is strongly 
arational for each q G dQ. Hence for all q G dQ, no leaf of AEL{q)‘^ is carried by 
K. By Theorem 15.31 Act{H,G) is the transitive closure of Uz^og^ELiz)’^. Hence 
no leaf of Agt(77, G) is carried by K. By Lemma [2.51 K is relatively quasiconvex 
in G. □ 
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